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Abstract
Let R be any integral domain. The minimal (commutative unital) ring extensions S of R are,
up to R-algebra isomorphism, of three nonoverlapping types: (i) the domains S that contain R and
are minimal ring extensions of R; (ii) the idealizations R(+)R/M arising from maximal ideals M
of R; and (iii) the direct products R × R/M arising from maximal ideals M of R. Distinct maximal
ideals of R lead to nonisomorphic idealizations (respectively direct products) in case (ii) (respectively
case (iii)). If R is not a field, then distinct domains S arising in case (i) within the same quotient field
of R are not isomorphic as R-algebras. If R is a field K , then the domains S arising in (i) are the
minimal (necessarily algebraic) field extensions of K; in this case, distinct such fields S1, S2 are
K-algebra isomorphic if and only if Si = K(αi) where α1, α2 are roots of the same irreducible
polynomial in K[X].
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We assume throughout that all rings are commutative with identity and all subrings are
unital. If R is a proper subring of a ring S, then R ⊂ S is called a minimal ring extension
if the inclusion map R ↪→ S is a minimal ring homomorphism in the sense of [5], that
is, if there is no ring T such that R ⊂ T ⊂ S. (As usual, ⊂ denotes proper inclusion.)
A first step toward the classification of minimal ring extensions was taken by Ferrand–
Olivier, who showed in [5, Lemme 1.2] that if K is a field, then the only minimal ring
extensions of K , up to K-algebra isomorphism, are K × K , K[X]/(X2) and the minimal
field extensions of K . Another important step was taken by Sato–Sugatani–Yoshida, who
showed in [12, p. 1738, lines 8–13] that if R is a domain which is not a field, then any
domain which is a minimal ring extension of R must be an overring of R, that is, a ring
contained between R and its quotient field. Not all domains admit minimal ring extensions
that are domains; indeed, [12, Theorem 8] gives a sufficient condition for a Noetherian
domain which contains an infinite field to fail to have a minimal overring. However, the
first-named author has recently shown, by using idealization, that every commutative ring
has a minimal ring extension. More precisely, it was shown in [2, Theorem 2.4] that an
idealization R(+)E is a minimal ring extension of R if and only if E is a simple R-
module. (As usual, if E is an R-module, then R(+)E has the additive structure of R ⊕ E
and has multiplication given by (r1, e1)(r2, e2) := (r1r2, r1e2 + r2e1). For background on
idealizations, also known as trivial extensions, see [7,10].)
Lemma 2.1 shows that the above-mentioned result from [2] characterizes all the nonre-
duced minimal ring extensions of a domain. Accordingly, it seems natural to ask if the
above catalogue of minimal field extensions, minimal overrings, and idealizations using
simple modules includes all the minimal ring extensions of a domain. Our main results,
Lemma 2.2 and Theorem 2.6, show that the set of R-algebra isomorphism classes of the
other (necessarily reduced nondomain) minimal ring extensions of any domain R is in one-
to-one correspondence with Max(R), the set of maximal ideals of R. As a consequence,
the information collected in Theorem 2.7 amounts to a classification of all the minimal
ring extensions of any domain, thus effectively generalizing [5, Lemme 1.2] (where the
base ring was any field). Remark 2.8(a) addresses some pertinent uniqueness issues.
Theorem 2.3(b) establishes that if a reduced nondomain S is a minimal ring extension
of a domain R which is not a field, then, in contrast to the theory of arbitrary minimal over-
rings of a domain, S must be integral over R. Moreover, if R is quasilocal, Theorem 2.3(c)
and Lemma 2.4 show that S must be generated as an R-algebra by an element that satisfies
very demanding relations. In Remark 2.5, we give, for any domain R and M ∈ Max(R),
constructions of some R-algebras which satisfy these relations. We note that each of these
R-algebras is a reduced nondomain minimal ring extension of R. We also show that all
these algebras are isomorphic to R × R/M , a fact that would not be obvious by sim-
ply comparing the relations in their presentations. Remark 2.8(b), (c) give some examples
showing how various conclusions can fail if the parameters are slightly perturbed in the
constructions via generator and relations in Remark 2.5.
The integrality conclusion in Theorem 2.3(b) permits us to use some of the material
on finite minimal homomorphisms in [5]. Indeed, much of our path toward the proof of
Theorem 2.6 depends on verifying that any S of interest satisfies the hypotheses in [5,
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to show that a suitable maximal ideal of R has a nonzero annihilator as an ideal of S.
Our original approach to the classification result did not appeal to [5], relying instead on
approximations to the algebras constructed in Remark 2.5. The approach given below is
shorter and, we feel, appropriately honors the insights of Ferrand–Olivier.
For additional background on minimal ring extensions, see the dissertations of Modica
[9] and Dechéne [3]; and note that if R is an integrally closed domain which is not a
field, then the minimal overrings of R have recently been characterized by Ayache [1,
Theorem 2.4] in terms of the Kaplansky transform and divided prime ideals. If A is a ring,
then as usual, U(A) denotes the set of units of A. If A ⊆ B are rings, then the conductor
(A : B) := {b ∈ B | bB ⊆ A}. We let AnnA(E) denote the annihilator of an A-module E.
Also, X denotes an indeterminate over the ambient coefficient ring(s). Any unexplained
material is standard, as in [6,8].
2. Results
Our first result explains why most of our subsequent analysis is preoccupied with mini-
mal ring extensions that are reduced rings.
Lemma 2.1. Let R be a domain and let S be a minimal ring extension of R. If S is not a
reduced ring, then S is R-algebra isomorphic to the idealization R(+)E for some simple
R-module E.
Proof. Since S is not reduced, we can choose a nonzero nilpotent element x ∈ S. Thus,
xn = 0 for some positive integer n. If n is minimal, then y := xn−1 is a nonzero element of
S such that y2 = 0. Of course, y /∈ R since R is reduced. As R ⊂ R[y] ⊆ S, the minimality
of S forces R[y] = S, that is, S = R + Ry. Moreover, since (Ry)2 = 0 and R is reduced,
we see that R ∩ Ry = 0. It follows that S = R ⊕ Ry additively and, in fact, R ∼= R(+)Ry
as R-algebras. Then [2, Theorem 2.4] ensures that Ry is a simple R-module, to complete
the proof. 
We next give a useful example of a minimal ring extension that is actually a special
case of a direct product construction that was introduced by Ferrand–Olivier in [5, Lem-
me 1.5(b)].
Lemma 2.2. Let R be a domain and M ∈ Max(R). View R as a subring of S := R ×R/M
via the injective R-algebra homomorphism r 
→ (r, r + M). Then S is a reduced ring and
a minimal ring extension of R which is neither a domain nor an idealization of R.
Proof. It is clear that R × R/M is a reduced ring. The assertion that S is a minimal ring
extension of R follows at once from [5, Lemme 1.5(b)]. (In detail, note that the kernel of
the identity map R → R (namely, 0) and the kernel of the canonical surjection R → R/M
(namely, M) are ideals of R whose intersection is 0 and whose sum is a maximal ideal
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divisor (1,0 +M); and it is not an idealization of R (relative to a nonzero module) since it
is reduced. 
The next theorem establishes several facts that will play very significant roles in our
proof of the classification of the minimal extensions of a domain.
Theorem 2.3. Let R be a domain which is not a field. Let S be a reduced ring which is
a minimal ring extension of R and is such that S is neither a domain nor an idealization
of R. Then:
(a) There exists a (unique) maximal ideal P of R such that SR\P is a reduced nondomain
minimal ring extension of RP and SR\Q = RQ for each maximal ideal Q of R such
that Q = P . Furthermore, the natural ring homomorphism S → SR\P is injective.
(b) S is an integral extension of R.
(c) Assume, in addition, that R is quasilocal with maximal ideal M . Then there exists a
nonzero element x ∈ S such that at least one of the following two conditions holds:
(i) Mx = 0.
(ii) x2 = rx for some r ∈ R \ {0} and, for each m ∈ M , there exists rm ∈ M such that
mx = rm.
In case (ii), it follows that if m,m′ are any nonzero elements of M , then rm = mrm′m′ ,
and so m′|mrm′ in R.
Proof. (a) By applying [5, Théorème 2.2(i)], we find P ∈ Max(R) with almost all the
asserted properties. We will show next that SR\P is not a domain. As S is not a domain,
there exist nonzero elements y, z ∈ S such that yz = 0. By the minimality of S, we have
that R[y] = S = R[z]. Therefore, RP [ y1 ] = SR\P = RP [ z1 ]. If the assertion fails, then D :=
SR\P is a domain which contains RP . As y1 · z1 = 0 ∈ D, either y1 or z1 is 0 in D. It follows
that SR\P = RP , the desired contradiction.
Finally, to show that the map S → SR\P is injective, suppose, on the contrary, that some
nonzero element y is in its kernel. Clearly y /∈ R, since the map R → RP is injective. Thus,
by the minimality of S, we have S = R[y]. Since y maps to 0 in D := SR\P = RP [ y1 ], we
again arrive at the desired contradiction that RP = D. This completes the proof of (a).
We pause to give an alternate proof of the final assertion of (a). Let K denote the kernel
of the map S → SR\P . If P = N ∈ Max(R), then the induced map SR\N → (SR\P )R\N is
a monomorphism since it can be identified with the inclusion map RN ↪→ (RN)R\P . As
localization is an exact functor, KR\N = 0. Similarly, KR\P = 0 since (SR\P )R\P ∼= SR\P
canonically. Therefore, by globalization, K = 0, thus completing the alternate proof that
S → SR\P is injective.
(b) By globalization, it is enough to prove that SR\M is integral over RM for each M ∈
Max(R). Therefore, by (a), we can assume that (R,M) is quasilocal and S is not a domain.
Hence S contains some nonzero elements x, y such that xy = 0. Not both x and y can
belong to R, since R is a domain and S is an extension of R. Without loss of generality,
x /∈ R. Thus, by the minimality of S, we have that R[x] = S. We may as well assume that
x2 /∈ R (for, otherwise, S = R[x] is integral over R). Hence, R[x2] = S by the minimality
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with a coefficient in U(R). Since S is a minimal ring extension of R, either S is integral
over R or R is integrally closed in S. Suppose the assertion fails. Then R is integrally
closed in S. As x /∈ R, the proof of Seidenberg’s u,u−1 lemma [8, Theorem 67] (cf. also
[8, Exercise 31(a), p. 43]) yields that x−1 ∈ R. In particular, x is both a unit and a zero-
divisor in the nonzero ring S, the desired contradiction.
(c) Assume that (R,M) is quasilocal. Since S is not a domain, there exist nonzero
elements x, y ∈ S such that xy = 0. As in the proof of (b), at least one of these elements,
say x, is not in R. Hence, S = R[x], by the minimality of S.
We claim that MS ⊆ R. If not, then R+MS = S, by the minimality of S. It follows that
M(S/R) = (R +MS)/R = S/R. But S = R[x] is a finitely generated R-module since, by
(b), x is integral over R. A fortiori, S/R is a finitely generated R-module. Therefore, by
Nakayama’s lemma, S/R = 0, that is, S = R, a contradiction. This proves the above claim.
(For an alternate proof of the claim, one could appeal to [5, Proposition 4.1], by reasoning
as in the second and third sentences of the proof of Theorem 2.6.)
There are now two cases to consider. We first assume that y /∈ R; we will show that we
are in the situation of (ii). Since the minimality of S yields that R[y] = S, we have that
x ∈ R[y]. Thus, for some polynomial f ∈ R[X], we have x = f (y) = r + g(y), where
r ∈ R and g ∈ R[X] is such that g(0) = 0. Then x2 = rx + g(y)x = rx + 0. Since S is
reduced, x2 = 0. Hence r = 0 (and so we have x2 = rx = 0). Next, we will show that for
all m ∈ M , there exist rm ∈ M such that mx = rm. Recall that we have already showed
that MS ⊆ R. If there exists m ∈ M such that mx /∈ M , then mx ∈ R \M = U(R) ⊆ U(S),
whence x ∈ U(S) and it follows from the equation x2 = rx that x = r ∈ R, a contradiction.
Thus, for all m ∈ M , we have that rm := mx ∈ M . Finally, note that for all m,m′ ∈ M , we
have mrm′ = mm′x = m′mx = m′rm. The final assertion of (c) now follows.
In the remaining case, y ∈ R. We will show that Mx = 0. Suppose, on the contrary,
that some nonzero element m ∈ M satisfies mx = 0. Note that mx ∈ MS ⊆ R. Therefore,
mxy = 0, since R is a domain in which both mx and y are nonzero elements. However,
mxy = m(xy) = m · 0 = 0, the desired contradiction, to complete the proof. 
Theorem 2.6 will show that, apart from the minimal ring extensions that are either
domains or idealizations, there is only one other type of minimal ring extension of a do-
main. We lead up to this result with a preparatory lemma. This result shows that there
are significant additional restrictions on the elements r, rm appearing in condition (ii) of
Theorem 2.3(c).
Lemma 2.4. Let (R,M) be a quasilocal ring, and let R ⊂ S be a minimal ring extension.
Suppose that there exist x ∈ S \ R and r ∈ R such that x2 = rx. In addition, assume that,
for each m ∈ M , there exists rm ∈ M such that mx = rm. Then either rm = 0 for all m ∈ M
or rm = rm for all m ∈ M . In either case, M annihilates some nonzero element of S.
(Indeed, in the first case, Mx = 0 with 0 = x ∈ S; in the second case, M(x − r) = 0 with
0 = x − r ∈ S.) If, in addition, S is a reduced ring, then r ∈ U(R).
Proof. Note that r0 = 0x = 0. Suppose there exists a nonzero element m ∈ M such that
m′ := rm − rm = 0. Then multiplying x2 = rx by m, we obtain mx2 = mrx, while multi-
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(rm−rm)x = 0. By the reasoning that led to the formula rm = mrm′/m′ in Theorem 2.3(c),
we conclude that rn = 0 for all n ∈ M . Furthermore, since S = R[x] strictly contains R,
neither x − r nor x can be 0.
It remains only to prove that if S is a reduced ring, then r ∈ U(R). Suppose not; that is,
suppose that r ∈ M . In the first case, rm = 0 for all m ∈ M ; then x2 = rx ∈ Mx = 0 and x
is a nonzero nilpotent element of S, contradicting the hypothesis that S is reduced. In the
second case, mx = rm for all m ∈ M and so, in particular, rx = r2; then (x − r)2 = x2 −
2rx + r2 = rx −2rx + rx = 0 and x − r is a nonzero nilpotent element of S, contradicting
that S is reduced. The proof is complete. 
Remark 2.5. The relations in Lemma 2.4 above suggest that if R is a quasilocal domain
that is not a field, then there are at least two ways to build an R-algebra S that one could
hope would have the desirable properties (of being a minimal ring extension of R that is
a reduced nondomain). These would be the algebras S1 := R[X]/(X2 − uX, {mX − um |
m ∈ M}) and S2 := R[X]/(X2 − uX, {mX | m ∈ M}), where each construction seems to
depend on a chosen element u ∈ U(R) and on M ∈ Max(R). In fact, it can be shown
directly that all these algebras are reduced nondomain minimal ring extensions of R, even
if R is not quasilocal. Moreover, if R is quasilocal, then if x denotes the canonical image
of X in Si , then Si = R[x]. We have the relation x2 = ux in each Si . In S1, we also have
mx = mu for each m ∈ M ; on the other hand, Mx = 0 in S2. It is significant that in each
Si , the annihilator of M is a principal ideal that is generated by an idempotent. In fact, one
can check that a suitable idempotent in S1 is 1 − u−1x and that a suitable idempotent in S2
is u−1x. In view of [5, Proposition 4.6], one may now well expect the algebras S1 and S2
to be isomorphic to R × R/M , at least if (R,M) is quasilocal. In fact, this is true (for any
domain R). An explicit R-algebra isomorphism S1 → R×R/M is given by the assignment
f + I 
→ (f (u), f (0) + M) (for f ∈ R[X]), while an R-algebra isomorphism from S2 to
R ×R/M is given by f + I 
→ (f (0), f (u)+M). This leads one to expect that if (R,M)
is an arbitrary quasilocal domain, then there is (up to R-algebra isomorphism) only one
minimal ring extension of R missing from the earlier catalogue and that it is R × R/M .
This is indeed the case, as is proven in our next result.
Theorem 2.6. Let R be a domain. Let R ⊂ S be a minimal ring extension such that S is
a reduced ring which is not a domain. Then S is R-algebra isomorphic to R × R/M , for
some maximal ideal M of R.
Proof. The case of R a field is handled by [5, Lemme 1.2], and so we can assume hence-
forth that R is not a field. By Theorem 2.3(b), S is integral over R, and so, by the minimality
of S, we see that R ↪→ S is a finite minimal homomorphism. Therefore, [5, Proposition 4.1]
produces M ∈ Max(R) such that MS = M . It follows that the conductor (R : S) = M . As
in [8, Exercise 41(b), p. 46], one can then show that if N ∈ Max(R) such that N = M ,
then the canonical R-algebra monomorphism RN → SR\N is an isomorphism. (In detail, if
t ∈ S and m ∈ M \N , then t1 = mtm ∈ SR\N .) Hence, by Theorem 2.3(a), SR\M is a reduced
nondomain minimal ring extension of RM . Therefore, by Theorem 2.3(c) and Lemma 2.4,
SR\M contains some nonzero element y which is annihilated by MRM . Also by Theo-
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w ∈ R \ M such that wy ∈ S. As wy ∈ SR\M \ {0} and S ↪→ SR\M , we have that wy is
a nonzero element of S. Since M(wy) = 0, we have found a nonzero element of S that
annihilates M . Therefore, an application of [5, Proposition 4.6] completes the proof. 
Next, we summarize our classification of the minimal ring extensions of an arbitrary
integral domain.
Theorem 2.7. Let R be a domain. Then the minimal ring extensions S of R are, up to
R-algebra isomorphism, of the following three types:
(i) Domains S that contain R and are minimal ring extensions of R.
(ii) For each maximal ideal M of R, the idealization R(+)R/M .
(iii) For each maximal ideal M of R, the ring R × R/M .
Moreover, if M and N are distinct maximal ideals of R, then R(+)R/M is not R-algebra
isomorphic to R(+)R/N and R × R/M is not R-algebra isomorphic to R × R/N . Up
to R-algebra isomorphism, the rings S in (ii) are precisely the nonreduced minimal ring
extensions of R and the rings in (iii) are precisely the reduced nondomain minimal ring
extensions of R. If R is not a field, then up to R-algebra isomorphism, the rings in (i) are
the minimal overrings of R. If R is a field K , then up to K-algebra isomorphism, the rings
in (i) are the minimal field extensions of K , the unique ring in (ii) is K[X]/(X2), and the
ring R × R/M in (iii) is K × K .
Proof. To see that (i), (ii) and (iii) describe all the minimal ring extensions of R, combine
Lemma 2.1, [2, Theorem 2.4], Lemma 2.2 and Theorem 2.6. If M and N are distinct
maximal ideals of R, then R(+)R/M is not R-algebra isomorphic to R(+)R/N by [2,
Lemma 2.6]. Moreover, if R × R/M ∼= R × R/N , then M = (R : R × R/M) = (R :R ×
R/N) = N , a contradiction. If R is not a field, the description of the rings S satisfying
(i) follows from the argument in [12] that was mentioned in the Introduction. Next, notice
that if a domain S is a minimal ring extension of a field K , then S is a minimal field
extension of K . (This can be seen via a well-known calculation [6, Lemma 11.1] or via
the incomparability property of integral extensions [8, Theorem 44].) The final assertion
about the rings S in case R is a field then follows from [5, Lemme 1.2]. The proof is
complete. 
Remark 2.8(a) addresses issues of uniqueness that are pertinent to case (i) in the state-
ment of Theorem 2.7. Remark 2.8(b) shows how small changes to the constructions men-
tioned in Remark 2.5 can produce an algebra that is not a reduced minimal ring extension.
Remark 2.8. (a) It remains to address the issue of uniqueness in case (i) of Theorem 2.7.
Suppose first that the domain R is not a field. Then distinct minimal overrings of R within
the same quotient field of R cannot be isomorphic as R-algebras. In fact, minimality is
not relevant to this assertion, for if R is any domain and S and T are overrings of R
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phism f :S → T , then S ⊆ T . For a proof, consider any element w = ab−1 of S, with
a ∈ R, b ∈ R \ {0}. Then a = f (a) = f (bw) = bf (w), whence w = ab−1 = f (w) ∈ T ,
as asserted. For bounds on the number of (R-algebra isomorphism classes of) certain types
of minimal overrings of certain types of domains R, see [11, Proposition 2.5, Lemma 3.3,
Proposition 3.7].
Finally, suppose that R is a field K . If L is a field extension of K such that [L :K]
is a prime number, then L is a minimal field extension of K . The converse fails, for [4,
Proposition 2.5(b)] gives an example of a minimal field extension L of Q such that L is
Galois over Q and [L :Q] = 4. Moreover, any minimal field extension L of a field K is
of the form L = K(α) for some element α that is algebraic over K . For such an L, it
is possible for L to be K-algebra isomorphic to a distinct minimal field extension of K
within the same algebraic closure of K : consider, for instance, K :=Q and the isomorphic
minimal field extensions Q(21/3) ∼= Q(ω21/3), where ω denotes a primitive cube root of
unity. In fact, if L = K(α) is a minimal field extension of K inside a fixed algebraic closure
K of K , then the minimal field extensions of K inside K that are K-algebra isomorphic to
L are the fields of the form K(β) where β runs through the (finitely many) roots in K of
the minimal polynomial of α over K .
(b) Suppose we consider a construction similar to that of the R-algebra S1 in Remark 2.5
by using different units for the two families of relations. In other words, consider T :=
R[X]/J , where J is the ideal of R[X] generated by {X2 −uX,m(X− v) | m ∈ M}, where
u and v are distinct elements of U(R). We will show that it is possible for T not to be
a ring extension of the quasilocal domain R; that is, it is possible for the canonical ring
homomorphism R → T to fail to be an injection. For simplicity, take R such that its unique
maximal ideal is principal: M = Rt, t ∈ R \ {0} (for instance, take R to be a DVR). Put
x := X + J ∈ T . The set of relations defining T = R[x] as an R-algebra is then equivalent
to {x2 = ux, tx = tv}. Take u := 1 − t and v := 1; hence, x2 = (1 − t)x and tx = t . Then
tx2 = t (x − tx) = t (x − t) = tx − t2, while tx2 = (tx)x = tx, whence t2 = 0. As t = 0
in R, we see that R → T is not injective.
A different sort of anomaly can occur if we do not use all the elements m ∈ M to build
the relations considered in constructing S1 and S2 in Remark 2.5. Once again, suppose that
(R,M) is a quasilocal domain with M = Rt = 0. This time, put T := R[X]/J where J is
the ideal of R[X] generated by {X2 − X, t2X − t2}. Then T = R[x], where x := X + J
satisfies x2 = x and t2x = t2. We will show that T is not a reduced ring; in fact, we will
show that T contains the nonzero nilpotent element tx − t . Indeed, (tx − t)2 = t2(x2 −
2x + 1) = t2(−x + 1) = 0. Moreover, to show that tx − t = 0, suppose, on the contrary,
that tX − t = (X2 − X)f + (t2X − t2)g for some f,g ∈ R[X]. Applying the R-algebra
homomorphism R[X] → R such that X 
→ 0, we find that −t = −t2g(0) ∈ R, whence
tg(0) = 1 and t ∈ U(R), a contradiction.
(c) In view of the first example in (b), one may ask how often variants of the con-
structions in Remark 2.5 actually produce proper ring extensions. We close by stating a
positive result in this vein whose proof is left to the reader. Let (R,M) be a quasilocal
domain which is not a field, let {mα} ⊆ M , let J be the ideal of R[X] that is generated
by {X2 − X} ∪ {mαX − mα}, and put T := R[X]/J . Then the canonical map R → T is
D.E. Dobbs, J. Shapiro / Journal of Algebra 305 (2006) 185–193 193an injective ring homomorphism and, if we regard R as a subring of T via this map, then
R = T .
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